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Birational geometry of singular Fano varieties
A.V.Pukhlikov
We prove divisorial canonicity of Fano hypersurfaces and
double spaces of general position with elementary singular-
ities.
Introduction
0.1. The theorem on Fano direct products. Recall [1] that a primitive Fano
variety F (that is, a smooth Fano variety with PicF = ZKF ) satisfies the condition
of divisorial canonicity, or the condition (C) (respectively, the condition of divisorial
log canonicity, or the condition (L)), if for any effective divisor D ∈ |−nKF |, n ≥ 1,
the pair
(F,
1
n
D) (1)
has canonical (respectively, log canonical) singularities. If the pair (1) has canonical
singularities for a general divisor D ∈ Σ ⊂ | − nKF | of any movable linear system
Σ, then we say that F satisfies the condition of movable canonicity, or the condition
(M).
Explicitly, the condition (C) is formulated in the following way: for any birational
morphism ϕ: F˜ → F and any exceptional divisor E ⊂ F˜ the following inequality
νE(D) ≤ na(E) (2)
holds. The inequality (2) is opposite to the classical Noether-Fano inequality, see
[2] and the bibliography in that paper. The condition (L) is weaker: the inequality
νE(D) ≤ n(a(E) + 1) (3)
is required. In (2) and (3) the number a(E) is the discrepancy of the exceptional
divisor E ⊂ F˜ with respect to the model F . The inequality (3) is opposite to the
log Noether-Fano inequality. The condition (M) means that (2) holds for a general
divisor D of any movable linear system Σ ⊂ |−nKF | and any discrete valuation νE .
In [1] the following fact was shown.
Theorem 1. Assume that primitive Fano varieties F1, . . . , FK, K ≥ 2, satisfy
the conditions (L) and (M). Then their direct product
V = F1 × . . .× FK
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is a birationally superrigid variety. In particular,
(i) Every structure of a rationally connected fiber space on the variety V is given
by a projection onto a direct factor. More precisely, let β:V ♯ → S♯ be a rationally
connected fiber space and χ:V 99K V ♯ a birational map. Then there exists a subset
of indices
I = {i1, . . . , ik} ⊂ {1, . . . , K}
and a birational map
α:FI =
∏
i∈I
Fi 99K S
♯,
such that the diagram
V
χ
99K V ♯
πI ↓ ↓ β
FI
α
99K S♯
commutes, that is, β ◦ χ = α ◦ πI , where
πI :
K∏
i=1
Fi →
∏
i∈I
Fi
is the natural projection onto a direct factor.
(ii) Let V ♯ be a variety with Q-factorial terminal singularities, satisfying the
condition
dimQ(Pic V
♯ ⊗Q) ≤ K,
and χ:V 99K V ♯ a birational map. Then χ is a (biregular) isomorphism.
(iii) The groups of birational and biregular self-maps of the variety V coincide:
Bir V = Aut V.
In particular, the group BirV is finite.
(iv) The variety V admits no structures of a fibration into rationally connected
varieties of dimension strictly smaller than min{dimFi}. In particular, V admits
no structures of a conic bundle or a fibration into rational surfaces.
(v) The variety V is non-rational.
For the precise definition of birational (super)rigidity, a discussion of its proper-
ties and a list of examples of birationally (super)rigid varieties, see [2].
There are few doubts that the condition (C) is strictly sharper than (L): it is
easy to give examples of varieties that do not satisfy the condition (C) but most
probably satisfy (L). However, the existing techniques makes it possible (for typical
Fano varities) to prove (L) via (C) only, showing at once the stronger property
(which automatically imply (L) and (M).)
Note also that the smoothness of the variety F is absolutely inessential: Q-
factoriality is sufficient. If the pair (F, 1
n
D) is canonical for any effective divisor
D ∼ −nKF (the equivalence up to multiplication by some positive integer), then
the variety F is covered by Theorem 1. In [1] this theorem is formulated and proved
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in the assumption of smoothness for the only reason that it is then applied to smooth
varieties. The proof given in [1] works word for word for Q-factorial Fano varieties,
satisfying the conditions (L) and (M). This point will be meant in the sequel without
special comments.
0.2. Examples of divisorially canonical varieties. In [1] the divisorial
canonicity was shown for two classes of varieties: generic double spaces of dimension
three and higher and generic Fano hypersurfaces of index 1 and dimension ≥ 5.
Recall what is meant by being generic.
First let
F
σ
→ PM
be a Fano double space branched over a smooth hypersurface W = W2M ⊂ P
M of
degree 2M , M ≥ 3. For a point x ∈ W fix a system of affine coordinates z1, . . . , zM
on PM with the origin at x and set
w = q1 + q2 + . . .+ q2M
to be the equation of the hypersurface W , qi = qi(z∗) are homogeneous polynomials
of degree deg qi = i. One should consider the three cases M ≥ 5, M = 4 and M = 3
separately. For convenience of notations assume that q1 ≡ z1. Set also
q¯i = q¯i(z2, . . . , zM) = qi|{z1=0} = qi(0, z2, . . . , zM).
For M ≥ 5 we say that the Fano double space F is regular at the point x, if the
rank of the quadratic form q¯2 is at least 2.
Assume that M = 3 or 4. In that case we require that the quadratic form q¯2 is
non-zero and moreover
(i) either rk q¯2 ≥ 2 (as above),
(ii) or rk q¯2 = 1 and the following additional condition is satisfied. Without loss
of generality we assume in this case that
q¯2 = z
2
2 .
Now for M = 4 we require that the following cubic polynomial in the variable t,
q¯3(0, 1, t) = q3(0, 0, 1, t)
has three distinct roots.
For M = 3 we require that at least one of the following two polynomials in the
variable z3,
q¯3(0, z3) or q¯4(0, z3)
(they are of the form αzm3 , α ∈ C, m = 3, 4) is non-zero.
Let
W = P(H0(PM ,OPM (2M)))
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be the space of hypersurfaces of degree 2M . Let Wreg ⊂ W be the set of branch
divisors, satisfying the regularity condition at every point. The following fact was
shown in [1].
Theorem 2. The set Wreg is non-empty. For any branch divisor W ∈ Wreg
the corresponding Fano double space σ:F → PM , branched over W , satisfies the
condition (C).
Now let
F = FM+1 ⊂ P = P
M+1
be a smooth Fano hypersurface of degree M + 1, M ≥ 5. For a point x ∈ F fix a
system of affine coordinates z1, . . . , zM+1 with the origin at x. Let
f = q1 + q2 + . . .+ qM+1
be the equation of the hypersurface F , qi = qi(z∗) are homogeneous polynomials of
degree deg qi = i. Set
fi = q1 + . . .+ qi
to be the left segments of the polynomial f , i = 1, . . . ,M . Let us formulate the
regularity conditions.
(R1.1) The sequence
q1, q2, . . . , qM
is regular in the ring Ox,P, that is, the system of equations
q1 = q2 = . . . = qM = 0
defines a one-dimensional subset, a finite set of lines in P, passing through the point
x.
(R1.2) The linear span of any irreducible component of the closed algebraic set
q1 = q2 = q3 = 0
in CM+1 is the hyperplane q1 = 0 (that is, the tangent hyperplane TxF ).
(R1.3) The closed algebraic set
{f1 = f2 = 0} ∩ F = {q1 = q2 = 0} ∩ F ⊂ P
(the bar ¯means the closure in P) is irreducible and any section of this set by a
hyperplane P ∋ x is
• either also irreducible and reduced,
• or breaks into two irreducible components B1 + B2, where Bi = F ∩ Si is the
section of F by a plane Si ⊂ P of codimension 3, and moreover multxBi = 3,
• or is non-reduced and is of the form 2B, where B = F ∩ S is the section of F
by a plane S of codimension 3, and moreover multxB = 3.
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Set
F = P(H0(P,OP(M + 1)))
to be the space of hypersurfaces of degree M + 1 ≥ 6. Let Freg ⊂ F be the
set of Fano hypersurfaces, satisfying the conditions (R1.1-R1.3) at every point (in
particular, every hypersurface F ∈ Freg is smooth). The next fact was shown in [1].
Theorem 3. The set Freg is non-empty. Every Fano hypersurface F ∈ Freg
satisfies the condition (C).
0.3. Formulation of the main result. The aim of this paper is to show that
a Fano variety of any of the two types considered above still satisfies the condition
(C) when it aquires elementary singularities.
Theorem 4. The double space σ:V → PM , M ≥ 3, branched over a hyper-
surface W ⊂ PM of degree 2M with isolated non-degenerate quadratic singularities,
satisfying the regularity conditions of Theorem 2 at every smooth point, satisfies the
condition (C).
Proof is not hard: the theorem follows immediately from Proposition 1.3 (and
the fact that the multiplicity of an irreducible subvariety Y at every poiny does not
exceed its anticanonical degree (Y · (−KV )
dimY). Using the method of [1], it is easy
to check that a generic hypersurface W ∈ W with a fixed singular point o ∈ PM is
regular at every smooth point, so that varieties described in Theorem 4 exist.
Now let us consider Fano hypersurfaces
V = VM+1 ⊂ P = P
M+1.
We assume that M = dimV ≥ 8. This restriction is connected with the techniques
of the proof of Theorem 5: for the smaller values of M the arguments do not work.
Let us formulate the regularity condition for a non-degenerate double point o ∈ V .
Let z1, . . . , zM+1 be a system of affine coordinates on the space P with the origin
at the point o,
f = q2 + q3 + . . .+ qM+1 = 0
the equation of the hypersurface V , decomposed into homogeneous components,
where q2(z∗) is a non-degenerate quadratic form. We say that V is regular at the
point o, if the following conditions hold:
(R2.1) the sequence q2, . . . , qM+1 is regular in Oo,P, that is, the system of equa-
tions
q2 = . . . = qM+1 = 0
defines a finite set of points in PM (corresponding to the lines in P, passing through
the point o and lying on V ),
(R2.2) for any k ∈ {2, 3, 4, 5} and any linear subspace P ⊂ P of codimension
two, containing the point o, the closed algebraic set
V ∩ P ∩ {q2 = 0} ∩ . . . ∩ {qk = 0} (4)
is irreducible and has multiplicity precisely (k + 1)! at the point o.
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Remark 0.1. The condition that the multiplicity of the set (4) at the point o is
(k+1)!, in terms of the polynomials qi means that the intersection of the closed set
{q2 = 0} ∩ . . . ∩ {qk+1 = 0} ⊂ P
M
with any linear subspace of codimension two is of codimension k + 2 in PM (and of
degree (k + 1)!).
The methods of [1] combined with the methods of [3] make it possible to show
that a generic hypersurface V ⊂ PM with a fixed double point o ∈ P satisfies the
conditions (R1.1-R1.3) at every point x 6= o, x ∈ V . The main fact, that is, that the
condition (R1.1) holds, is shown in [4]. The additional conditions (R1.2-R1.3) are
checked directly: the presence of a fixed singularity does not affect the arguments
of [1, Sec. 2.3]. Finally, the fact that a generic hypersurface V ∋ o, singular at
the point o, satisfies at that point the conditions (R2.1) and (R2.2), is obvious.
Therefore, a generic hypersurface V ∈ F with a fixed double point o ∈ P is regular
at every point, in the sense of the conditions (R1.1-R1.3) or (R2.1-R2.2).
The main result of the paper is
Theorem 5. Assume that the Fano hypersurface V ⊂ P of degree M + 1 ≥ 9 is
regular at every point, smooth or regular. Then the variety V satisfies the condition
(C).
0.4. The structure of the paper and the scheme of the proof. Let X
be an algebraic variety, D an effective Q-divisor, S ⊂ X an irreducible subvariety
which is not contained entirely in the set of singular points SingX . We say that S
is an isolated centre of a non (log) canonical singularity of the pair (X,D), if there
exists a non (log) canonical singularity of this pair, the centre of which on X is S
(that is, for some resolution ϕ:X+ → X and a prime exceptional divisor E ⊂ X+
the Noether-Fano inequality
νE(D) > a(E)
or, respectively, in the log version,
νE(D) > a(E) + 1,
holds, where ϕ(E) = S), and there are no non (log) canonical singularities of that
pair, the centre of which on X strictly contain S. The main technical tool that we
use in this paper to investigate non (log) canonical singularities is the following
Proposition 0.1. Assume that codimS ≥ 2 and S is an isolated centre of non-
canonical singularity of the pair (X,D). Let µ: X˜ → X be the blow up of a point
x ∈ S of general position, Ex ⊂ X˜ the exceptional divisor. For some hyperplane
B ⊂ Ex the inequality
multxD +multB D˜ > 2
holds, where D˜ ⊂ X˜ is the strict transform of the divisor D on X˜.
Proof in the case when S = x is a non-singular point on X is given in [1,
Proposition 3]. The general case reduces to this one by restricting the pair (X,D)
onto a generic smooth germ R ∋ x of dimension codimS. The proof is complete.
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Now let D ∼ −nKV be an effective divisor on a variety V of any of the two
types considered in this paper. Theorems 4 and 5 assert that the pair (V, 1
n
D) is
canonical. Assume that this is not the case. By Proposition 0.1 and the facts proven
in [1], the centre of a non-canonical singularity of this pair can be a singular point
o ∈ V only. This case should be excluded.
In §1 we prove (in the most general assumptions, not using the regularity condi-
tions) the inequality
multoD > 2n,
which makes it possible to prove at once Theorem 4. In §2 we carry out a local
investigation of the pair (V +, 1
n
D+), where V + is the blow up of the point o. The
main result of §2 is the existence of a hyperplane section of the exceptional quadric,
which is of high multiplicity with respect to the divisor D+ (the strict transform
of D on V +). This makes it possible §3 to prove Theorem 5 by restricting the
pair (V, 1
n
D) onto the hyperplane section of the variety V , corresponding to the
hyperplane section of the exceptional quadric, which was found in §2. One has to
perform the operation of restricting onto a hyperplane section twice. The principal
method of proving Theorem 5 is the method of hypertangent divisors using the
regularity conditions (R2.1-R2.2), see [2, Chapter III] and the bibliography in that
paper.
0.5. Remark. Up to this day, no examples of singular Fano varieties, satisfying
the condition of divisorial canonicity, were known in the dimension ≥ 4. The exam-
ples of Theorems 4 and 5 are the first ones. In dimension three some examples were
known [5]: they are weighted Fano hypersurfaces; however, since their anticanonical
degree is small, their study was not difficult.
1 The connectedness principle and its first appli-
cations
1.1. The connectedness principle. Let X , Z be normal varieties or analytic
spaces and h:X → Z a proper morphism with connected fibers, and D =
∑
diDi a
Q-divisor on X .
Theorem 6 (connectedness principle, [6 ,Theorem 17.4]) Assume that D
is effective (di ≥ 0) and the class
−(KX +D)
is h-numerically effective and h-big. Let
f : Y
h
→ X
h
→ Z
be a resolution of singularities of the pair (X,D). Set
KY = g
∗(KX +D) +
∑
eiEi.
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The support of the Q-divisor
∑
ei≤−1
eiEi, that is, the closed algebraic set
⋃
ei≤−1
Ei,
is connected in a neighborhood of any fiber of the morphism f .
Proof see in [6, Ch. 17].
As an application of the connectedness principle, consider a germ o ∈ V of an
isolated terminal singularity with the following properties. Let
ϕ:V + → V
be the blow up of the point o, E = ϕ−1(o) the exceptional divisor, which is irreducible
and reduced. The varieties V , V + and E have Q-factorial terminal singularities. Let
δ = a(E, V ) be the discrepancy of E, D an effective Q-divisor on V , D+ its strict
transform on V +. Define the number νE(D) by the formula
ϕ∗D = D+ + νE(D)E.
Proposition 1.1. Assume that the pair (V,D) is not canonical at the point o,
which is an isolated centre of a non-canonical singularity of this pair. Assume also
that for some integer k ≥ 1 the inequality
νE(D) + k ≤ δ (5)
holds. Then the pair (V +, D+) is not log canonical and there is a non log canonical
singularity E˜ ⊂ V˜ of that pair (where V˜ → V + is some model), the centre of which
centre(E˜, V +) ⊂ E
is of dimension ≥ k.
Proof. Assuming V ⊂ PN to be projectively embedded, consider a generic linear
subspace P ⊂ PN of codimension k, containing the point o. Let ΛP be the linear
system of hyperplanes, containing P , and Λ be the corresponding linear system of
sections of the variety V . Let ε > 0 be a sufficiently small rational number of the
form 1
K
and
{HI | i ∈ I} ⊂ Λ
a set of ♯I = Kk generic divisors. Set
R = D +
∑
i∈I
εHi,
and let R+ be the strict transform of R on V +.
Obviously, the pair (V +, D+) is not log canonical. The centre of any of its non
log canonical singularities is contained in E. Furthermore, being non log canonical
is an open property, so that, slightly decreasing the coeffients in D, we may assume
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that the strict version of the inequality (5) holds, that is, νE(D) + k < δ (whereas
other assumptions still hold).
Now consider the pair (V +, R+) (we still assume that V ∋ o is a germ, so that
all constructions are local in a neighborhood of the point o). It is non log canonical,
and all its non log canonical singularities are non log canonical singularities of the
pair (V +, D+), with the exception of one additional singularity, the germ (P ∩ V )+
of the section of V by the plane P , that is, the base set of the system Λ. By the
strict version of the inequality (5), the class −(KV + + R
+) is obviously ϕ-nef and
ϕ-big, so that, applying the connectedness principle (to X = V +, Z = V , h = ϕ,
D = R+), we conclude that the union of the centres of non log canonical singularities
of the pair (V +, R+) on V + is connected. Since P is generic, this is only possible
if (P ∩ V )+ intersects some centre of a non log canonical singularity of the pair
(V +, D+), which should be of dimension at least k. Q.E.D. for the proposition.
The fact which we have just proven will be applied to our case of a hypersurface
singularity o ∈ V with a smooth exceptional divisor.
1.2. Singularities of pairs on a smooth hypersurface. Let X ⊂ PN be a
smooth hypersurface of degree m ∈ {2, . . . , N − 1}, D ∈ | lHX | an effective divisor,
which is cut out on X by a hypersurface of degree l ≥ 1. (So that HX is the class
of a hyperplane section of X .) The following fact and its proof are well known [3,7].
Proposition 1.2. For any n ≥ l the pair
(X,
1
n
D)
is log canonical..
Proof. We may consider the case n = l. Assume the converse: the pair (X, 1
n
D)
is not log canonical. Since for any curve C ⊂ X the inequality
multC D ≤ n
holds (see [2,4]), the centre of a non log canonical singularity of the pair (X, 1
n
D)
can only be a point. Let x ∈ X be such a point. Consider a general projection
π:PN 99K PN−1. Its restriction onto X is a finite morphism πX :X → P
N−1 of
degree m, which is an analytic isomorphism at the point x, and one may assume
that
π−1X (πX(x)) ∩ SuppD = {x}.
This implies that the germ of the pair (X, 1
n
D) at the point x and the germ of the
pair (PN−1, 1
n
π(D)) at the point π(x) are analytically isomorphic. In particular,
the point π(x) is an isolated centre of a non log canonical singularity of the pair
(PN−1, 1
n
π(D)). However, this is impossible.
Being non log canonical is an open property, so that for a rational number
s < n−1, sufficiently close to n−1, the pair
(PN−1, sπ(D))
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still has the point π(x) as an isolated centre of a non log canonical singularity. Let
P ⊂ PN−1 be a hyperplane, not containing the point π(x). By the inequality
smn+ 1 < N
the Q-divisor −(KPN−1 + sπ(D) + P ) is ample, so that one may apply to the pair
(PN−1, sπ(D) + P )
the connectedness principle of Shokurov and Kolla´r (in the notations of Theorem
6, X = PN−1, Z is a point, for the Q-divisor D we take sπ(D) + P , the conditions
of Theorem 6 are satisfied in a trivial way by what was said above) and obtain a
contradiction: the point π(x) is an isolated centre of a non log canonical singularity
and the divisor P comes into the Q-divisor sπ(D) + P with the coefficient one,
however π(x) 6∈ P , so that the connectedness is violated. Q.E.D. for Proposition
1.2.
The fact which we have obtained makes it possible to start a serious discussion
of an isolated terminal singularity o ∈ V (the naive arguments, even with strong
conditions of general position for the germ o ∈ V , give too weak estimates for the
multiplicity at the point o), but not more than that.
1.3. The weak local inequality. Let o ∈ V be a germ of isolated hypersurface
terminal singularity. More precisely, if ϕ:V + → V is the blow up of the point o,
ϕ−1(o) = E ⊂ V + is the exceptional divisor, we assume that V + and E are smooth,
whereas E is isomorphic to a smooth hypersurface of degree µ = multo V in P
M .
Furthermore, let D ∋ o be a germ of a prime divisor, D+ ⊂ V + its strict
transform, D+ ∼ −νE for ν ∈ Z+, so that the equality
multoD = µν
holds.
Proposition 1.3. Assume that the pair (V, 1
n
D) is not canonical at the point
o, which is an isolated centre of a non-canonical singularity of that pair. Then the
inequality
ν > n (6)
holds.
Proof. Assume the converse: ν ≤ n. Then the pair (V +, 1
n
D+) is not canonical,
and moreover, the centre of any non-canonical singularity of this pair (that is, of
any maximal singularity of the divisor D+) is contained in the exceptional divisor
E. By the inversion of adjunction the pair (E, 1
n
D+E), where D
+
E = D
+ | E, is not log
canonical. Let HE = −E | E be the generator of the Picard group PicE, that is, the
hyperplane section of E with respect to the embedding E ⊂ PM . We get
D+E ∼ −νE | E = νHE .
Since ν ≤ n, the non log canonicity of the pair (E, 1
n
D+E) contradicts to Proposition
1.2. Q.E.D.
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Remark 1.1. Not using inversion of adjunction, the best one can get using
explicit geometric methods, even with the conditions of general position for E, is
the inequality ν > n
2
, which is much weaker than (6). But the inequality (6) is also
insufficient for excluding maximal singularities on the typical Fano varieties.
Proof of Theorem 4. Assume that the pair (V, 1
n
D) is not canonical. By what
was proven in [1], only a singular point o can be the centre of a non-canonical sin-
gularity. The divisor D ∼ −nKV can be assumed to be irreducible. By Proposition
1.3, we get the inequality
multoD > 2n,
however the anticanonical degree of the divisor D is
degD = (D · (−KV )
dimV−1) = 2n.
Therefore, multoD > degD, which is impossible (see a detailed discussion in [2,
Chapter II]). This contradiction proves the theorem.
2 A local investigation of a divisor at a quadratic
point
2.1. Effective divisors on quadrics. Let Q ⊂ PM be a non-degenerate quadric,
HQ ∈ PicQ the class of a hyperplane section, B ⊂ Q an irreducible subvariety.
Definition 2.1. We say that an effective divisor D on Q satisfies the condition
H(n) (with respect to B), where n ≥ 1 is a fixed integer, if for any point of general
position p ∈ B there exists a hyperplane F (p) ⊂ Ep in the exceptional divisor
Ep = ϕ
−1
p (p) of the blow up ϕp:Qp → Q of the point p, for which the inequality
multpD +multF (p) D˜ > 2n, (7)
holds, where D˜ ⊂ Qp is the strict transform of the divisor D.
Note that the divisor D is not assumed to be irreducible and the number n does
not depend on the point p. The hyperplane F (p) depends algebraically on the point
p; this is assumed everywhere in the sequel without special comments. Let l ≥ 1 be
the degree of a hypersurface in PM that cuts out D on Q, that is,
D ∼ lHQ.
Proposition 2.1. Assume that dimB ≥ 3. Assume furthermore that the ef-
fective divisor D satisfies the condition H(n) with respect to B. Then the following
alternative takes place: either
1) the inequality l > 2n holds (this case will be referred to as the simple one), or
2) there exists a hyperplane section Z ⊂ Q, containing entirely the subvariety B,
such that for a point of general position p ∈ B in the notations above
F (p) = Z˜ ∩ Ep,
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where Z˜ ⊂ Qp is the strict transform, whereas Z comes into the divisor D with the
multiplicity
a > 2n− l
(that is, the presentation D = aZ +D∗ takes place, where D∗ does not contain Z as
a component; this case we will call the hard one).
Proof. Let us assume at once that the simple case does not realize, that is,
l ≤ 2n. In the notations above for a point of general position p ∈ B let Λp ⊂ |HQ|
be the pencil of hyperplane sections, the strict transform of which Λ˜p on Qp cuts
out on Ep the hyperplane F (p), that is,
Λ˜p ∩ Ep = F (p).
The exceptional divisor Ep is the projectivization of the tangent space TpQ ∼= C
M−1.
Let
[F (p)] ⊂ TpQ
be the hyperplane, the projectivization of which is F (p). Consider now TpQ as an
embedded tangent space (in some affine chart CM ⊂ PM) and let TpQ ⊂ P
M be its
closure (that is, the hyperplane in PM , tangent to Q at the point p). Respectively,
let
F (p) = [F (p)] ⊂ TpQ
be the closure of the subspace [F (p)]. This is a linear subspace in PM of codimension
two. It is easy to see that the base set (and subscheme) of the pencil Λp is
BsΛp = F (p) ∩Q.
denote this subset by the symbol Θ(p). Set
Z =
⋃
p∈B
Θ(p)
(where the union is taken over the points of some open subset of B, whereas the
overline means the closure).
Note that Θ(p) is a quadric in F (p) with at least one singular point p and at
most a line of double points (containing p). Since dimB ≥ 3, for a pair of distinct
points of general position p1 6= p2 we get Θ(p1) 6= Θ(p2), which implies that either
Z = Q or Z is a prime divisor on Q.
Let R ∈ Λp be a general element of the pencil, DR = D | R the restriction of the
divisor D. By the inequality (7) we get
multpDR > 2n.
The variety R is smooth at the point p. We get the presentation
DR = aΘ(p) +D
∗
R,
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where D∗R does not contain Θ(p) as a component, a ∈ Z+ is some non-negative
integer. Since Λp cuts out Θ(p) with the multiplicity one, we get
a = multΘ(p)D.
In particular, if a ≥ 1, then Z is a divisor on Q.
Lemma 2.1. The inequality a ≥ 1 holds.
Proof. Assume the converse: a = 0. It is easy to see that
Θ(p) = R ∩ TpR.
The intersection Θ(p) ∩DR is of codimension two on R, so that the effective cycle
(Θ(p) ◦DR)R is well defined. Therefore,
2l = deg(Θ(p) ◦DR) ≥ multp(Θ(p) ◦DR) > 4n,
so that, contrary to the assumption above, the inequality l > 2n holds. The contra-
diction proves the lemma. Q.E.D.
Now we get
D = aZ +D∗,
where the divisor D∗ does not contain Z as a component. Set
Z ∼ lZHQ, D
∗ ∼ l∗HQ,
so that the equality
l = alZ + l
∗.
holds.
Lemma 2.2. Z ⊂ Q is a hyperplane section: lZ = 1.
Proof. Since Z is a prime divisor, the set
∆ =
⋃
p∈B
F (p)
(where the union is taken over an open subset of B) can not be dense in PM . Since
dimB ≥ 3, in this union an at least two-dimensional family of linear subspaces of
codimension two is present. By the following elementary lemma, the closure of ∆
in PM is a hyperplane. Q.E.D. for the lemma.
Lemma 2.3. If the surface S ⊂ P3 contains a two-dimensional family of lines,
then S is a plane.
Proof. There is a one-dimensional family of lines through a generic point of
the surface S (actually, just one point is sufficient). The case of a cone is obvious.
Q.E.D. for the lemma.
By Lemma 2.2, for a general point p ∈ B we get
Θ(p) = Z ∩R
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(the left-hand side is contained in the right-hand one, however, in the right-hand
side we have a section of Q by a linear subspace of codimension two). Therefore,
D∗R = D
∗ | R. Obviously,
degD+R = 2(l − a) = 2l
∗.
Arguing as in the proof of Lemma 2.1, that is, intersecting D∗R with Z (or with Θ(p)
inside R), we obtain the estimate
2multpD
∗
R ≤ degD
∗
R,
which in terms of our integral parameters gives the estimate
2a+ l∗ = a+ l > 2n.
The divisor Z contains B and has at most one singular point. Therefore, for a
general point p ∈ B the divisor Z is non-singular at p and thus
F (p) = Z˜ ∩ Ep,
as we claimed. Q.E.D. for Proposition 2.1.
Remark 2.1. If dimB ≥ 4, then the same arguments, word for word, give the
claim of Proposition 2.1 for the case when Q is a cone over a non-degenerate quadric.
2.2. Hyperplane section of high multiplicity. Let o ∈ V be a germ of
a non-degenerate quadratic singularity, ϕ:V + → V the blow up of the point o,
E = ϕ−1(o) ⊂ V + the exceptional divisor. Let D ∋ o be a germ of an effective
divisor, where the pair (V, 1
n
D) has the point o as an isolated centre of a non-
canonical singularity. Let D+ ⊂ V + be the strict transform of D on V +, D+ ∼ −lE.
Assume that l ≤ 2n, so that the pair (V +, 1
n
D+) is not log canonical. Let S ⊂ E
be a centre of a non log canonical singularity, which has the maximal dimension (in
particular, S is an isolated centre of a non log canonical singularity), dimS ≥ 3. In
particular, the inequality
multSD
+ > n. (8)
holds. The following fact is true.
Proposition 2.2. One of the following two cases takes place:
1) S is a hyperplane section of the quadric E,
2) there is a hyperplane section Z ⊃ S of the quadric E, satisfying the inequality
multZ D
+ >
2n− l
3
. (9)
Proof. If S ⊂ E is a prime divisor, then by the inequality (8) we get l > nlS,
where S ∼ lSHE and HE = −E | E is the hyperplane section of the quadric E. Since
by assumption l ≤ 2n, this implies that lS = 1, that is, S is a hyperplane section
(case 1)).
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Assume that codimE S ≥ 2, that is, the case 1) does not realize. Since the pair
(V +, 1
n
D)+ is not log canonical at S, for a generic point p ∈ S there is a hyperplane∏
(p) ⊂ E+p in the exceptional divisor E
+
p = ϕ
−1
p (p) of the blow up
ϕp:V
+
p → V
+
of the point p, satisfying the inequality
multpD
+multQ(p)D
+
p > 2n, (10)
where D+p ⊂ V
+
p is the strict transform with respect to the blow up of the point p.
Let E(p) ⊂ V +p be the strict transform of the exceptional quadric.
Lemma 2.4. For a point p of general position
∏
(p) 6= E(p) ∩ E+p .
Proof. Otherwise for the restriction D+E = (D
+ ◦ E) we get the inequality
multpD
+
E > 2n,
which is true for almost all points p ∈ S. Since the point p runs through a set of pos-
itive dimension, for a general point the divisor D+E does not contain the hyperplane
section E ∩ TpE as a component. This, as in the proof of Lemma 2.1, immediately
implies that l > 2n. This is a contradiction. Q.E.D. for the lemma.
For a point of general position p ∈ S set
F (p) =
∏
(p) ∩ E(p).
The following inequalities hold:
multpD
+multF (p)D
+
p + > 2n, (11)
which is weaker than (10), and
multpD
+
E +multF (p) D˜
+
E > 2n, (12)
which follows from (11), where D˜+E ⊂ E(p) is the strict transform. All geometric
objects, participating in the inequality (12), are defined in terms of the quadric E,
that is, they do not require addressing V + and V +p .
Let us apply to the divisor D+E on the quadric E Proposition 2.1. By our as-
sumptions, the simple case does not realize, so that there exist a hyperplane section
Z ⊃ S, cutting out the hyperplane F (p) on Ep = E(p)∩E
+
p , that is, F (p) = Z˜ ∩Ep.
The section Z comes into the divisor D+E with a multiplicity strictly higher than
2n− l. In particular, multZ D
+ > 0.
2.3. Estimating the multiplicity of the hyperplane section. Let us prove
the inequality (9). Both the assumptions and all claims of Proposition 2.2 are local
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at the point o. A non-degenerate quadratic singularity is analytically equivalent to
the germ of the quadric
{z21 + . . .+ z
2
M+1 = 0} ⊂ C
M+1,
so that one can assume that the divisor D is given by an equation
f = ql(z∗) + ql+1(z∗) + . . . ,
where the quadric q(z∗) =
M+1∑
i=1
z2i divides none of the polynomials qi (if qi 6= 0). The
affine coordinates z∗ can be looked at as homogeneous coordinates on the exceptional
divisor of the blow up of the origin
o = (0, . . . , 0) ∈ CM+1,
and then {q = 0} ⊂ PM is precisely the exceptional quadric E. The divisor D+E is
given by the equation
ql | E = 0.
Let λ(z) = 0 be the equation of the hyperplane section Z ⊂ E. In terms of the
coordinates z∗ Proposition 2.1 asserts that for some al > 2n− l
ql = λ
alg + qw,
where g(z∗) and w(z∗) are homogeneous polynomials of the corresponding degrees.
Replacing ql by ql − qw, we may assume that λ
al divides the polynomial ql. This
implies that the strict transform D+l of the divisor
Dl = {ql | V = 0}
is of multiplicity ≥ al > 2n− l along Z. However, the divisor Dl is the intersection
of the cone V with the cone {ql = 0} (the polynomial ql is homogeneous), so that
the inequality (12) for D+E = (D
+
l ) | E implies the inequality (11) for D
+
l , where
D+l ⊂ V
+ is the strict transform of Dl on V
+. Therefore, the following claim is
true:
both divisors D+ and D+l satisfy the inequality (11) for a point of general position
p ∈ S.
By linearity of the inequality (11) (and the obvious fact that
multpD
+
l = multp(D
+
l ) | E = multpD
+
E ≥ multpD
+,
and similarly for F (p)), the divisor
ϕ∗(fl+1 | V = 0)− lE, (13)
where
fl+1 = ql+1(z∗) + ql+2(z∗) + . . . = f − ql(z∗),
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again satisfies that inequality. Let k ≥ 1 be the first index, for which ql+k(z∗) | E 6≡ 0,
D≥l+k = {fl+k | V = 0},
fl+k =
∞∑
i=l+k
qi(z∗). For the strict transform D
+
≥l+k we get D
+
≥l+k ∼ −(l + k)E.
Besides, as we mentioned above, the divisor D+≥l+k+kE satisfies the inequality (11)
at the point of general position p ∈ S. Since
multpE = multF (p)E(p) = 1,
the divisor D+≥l+k by itself satisfies the inequality
multpD
+
≥l+k +multF (p)(D
+
≥l+k)p > 2(n− k)
(the lower index p for a divisor means, as usual, the strict transform on the variety
V +p ).
This makes it possible to prove the inequality (9) by decreasing induction on
l ≤ 2n. The base of induction is the case l = 2n: in that case Z comes into D+E
with a positive multiplicity, that is, multZ D
+ > 0, which is what we claim in 2) for
l = 2n.
If in the notations above the inequality
l + k ≤ 2(n− k)
holds, then by the induction hypothesis we get
multZ D
+
≥l+k >
2(n− k)− (l + k)
3
=
2n− l
3
− k,
so that the divisor (13), obtained by subtraction from the equation f the equation
of the divisor D+E , contains Z with a multiplicity strictly higher than
k +multZ D
+
≥l+k >
2n− l
3
(since the divisor (13) contains with the multiplicity k the exceptional quadric E),
whence, taking into account the inequality multZ D
+
l > 2n−l, we obtain the required
inequality (9).
If the inequality
l + k > 2(n− k),
holds, then we can not apply the induction hypothesis, but in that case the estimate
k >
2n− l
3
,
holds, so that, arguing as above, we obtain the inequality (9) all the same, simply
because the divisor (13) contains the exceptional quadric E with the multiplicity k.
Q.E.D. for Proposition 2.2.
Remark 2.2. The claim of Proposition 2.2 remains true for a germ of an
elementary degenerate singularity, when E is a cone over a non-degenerate quadric,
if we assume that dimS ≥ 4. No changes in the proof are needed. One can consider
a general hyperplane section of the germ o ∈ V (containing the point o) and apply
Proposition 2.2 to that section.
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3 Exclusion of a maximal singularity
3.1. Estimating the multiplicity at the double point. Let V ⊂ P = PM+1
be a hypersurface of degree M + 1, where M ≥ 8, o ∈ V an isolated quadratic
singularity, satisfying the regularity conditions (R2.1-R2.2). Set
ϕ:V + → V
to be the blow up of the point o, E = ϕ−1(o) the exceptional quadric. By the symbol
H we denote the class of a hyperplane section of V . We use the notations of Sec.
0.3, in particular, q2 = 0 is the equation of the tangent cone at the point o.
Let D ∼ nH be an effective divisor, D+ its strict transform, D+ ∼ nH − νE for
some ν ≥ 1.
Proposition 3.1. The inequality ν ≤ 3
2
n holds.
Proof. This inequality is linear in the divisor D, so that without loss of gener-
ality we may assume that D is a prime divisor. Assume the converse: ν > 3
2
n. For
the first hypertangent divisor D2 = {q2 | V = 0} we get
D+2 ∼ 2H − 3E,
so thatD2 andD are distinct prime divisors. Therefore, the set-theoretic intersection
D ∩D2 is of codimension two and the effective cycle Y = (D ◦D2) is well defined.
It satisfies the inequality
multo
deg
Y ≥
3
2
·
2ν
n(M + 1)
>
9
2(M + 1)
.
Now let us consider the standard hypertangent systems
Λk =
∣∣∣∣∣
k−2∑
i=o
sifk−i = 0
∣∣∣∣∣ ,
where fj = q2+ . . .+ qj is a left segment of the equation of V at the point o, si runs
through the set of all homogeneous polynomials in the coordinates z∗ of degree i.
By the regularity condition (R2.1), for r = 2, . . . ,M we get
codimBsΛk = k − 1,
so that in the usual way [2,4] we construct a sequence of irreducible subvarieties
Y2 = Y, Y3, . . . , YM−1
of codimension codimYi = i, where Yi+1 ⊂ Yi is an irreducible component of the
effective cycle (Yi ◦ Di+2), Dj ∈ Λj is a hypertangent divisor of general position,
and for Yi+1 we take a component with the maximal ratio multo / deg. The effective
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cycle (Yi ◦ Di+2) is well defined, because codimBsΛi+2 = i + 1, so that a general
divisor Di+2 does not contain Yi. We obtain the estimate
multo
deg
Yi+1 ≥
i+ 3
i+ 2
·
multo
deg
Yi,
so that for the last subvariety, that is, the curve YM−1, we obtain the inequality
multo
deg
YM−1 ≥
multo
deg
Y ·
5
4
· . . . ·
M + 1
M
>
9
8
,
which is, of course, impossible. The contradiction proves the proposition.
3.2. Reduction to a hyperplane section. Let us go back to the proof of
Theorem 5. Assume that the pair (V, 1
n
D) has the point o as an isolated centre
of a non-canonical singularity. By linearity of the Noether-Fano inequality we may
assume that D is a prime divisor. According to Proposition 3.1 which we have just
proven, ν ≤ 3
2
n, so that we are in the situation of Sec. 2.2. The pair (V +, 1
n
D+)
is not log canonical, some subvariety S ⊂ E is the centre of a non log canonical
singularity of that pair. We assume that S has the maximal dimension among all
centres of such singularities, so that dimS ≤ 4.
Proposition 3.2. S is of codimension at least two in the exceptional quadric
E.
Proof. If S ⊂ E is a prime divisor, then, in accordance with Proposition 2.2, S
is a hyperplane section of the quadric E. Let P ∋ o be the unique hyperplane in P,
cutting out S on E, that is,
V +P ∩ E = S,
where VP = V ∩ P , V
+
P ⊂ V
+ is the strict transform. The pair
(V, VP )
is canonical, so that D 6= VP and the set-theoretic intersection D ∩ VP is of codi-
mension two. For the effective cycle DP = (D ◦ VP ) of codimension two we get
multoDP = multoD + 2multSD
+ > 4n,
so that, arguing as in the proof of Proposition 3.1, we construct a sequence of
irreducible subvarieties
Y2, Y3, . . . , YM−1,
codimYi = i, Y2 is an irreducible component of the cycleDP , satisfying the inequality
multo
deg
Y2 ≥
multo
deg
DP >
4
M + 1
,
and obtain a contradiction:
multo
deg
YM−1 >
4
M + 1
·
5
4
· . . . ·
M + 1
M
= 1,
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which is impossible. Q.E.D. for the proposition.
We conclude that the second case of Proposition 2.2 takes place: there is a
hyperplane section Z ⊃ S of the exceptional quadric E, satisfying the inequality
(9). Let P ⊂ P be the unique hyperplane, cutting out Z on E (in the same sense
as in the proof of Proposition 3.2), VP = V ∩ P 6= D. For the effective cycle
DP = (D ◦ VP ) of codimension two we get
multoDP ≥ multoD + 2multZ D
+ >
4
3
(l + n) >
8
3
n.
Unfortunately, this estimate is insufficient for excluding the maximal singularity in
the same way which we used in the proof of Propositions 3.1 and 3.2. (The lower
bound for (multo / deg YM−1 turns out to be smaller than one, which does not allow
to get a contradiction.) However, we can consider the pair
(VP ,
1
n
DP ).
By inversion of adjunction its strict transform
(V +P ,
1
n
D+P )
with respect to the blow up of the point o is not log canonical, whereas the subvariety
S ⊂ EP = Z is a centre of a non log canonical singularity of that pair. We may
assume that
multoD
+
P ≤ 4n,
otherwise we could obtain a contradiction using word for word the same argument
as in the proof of Proposition 3.2. Without loss of generality we may assume that
S is a maximal centre of a non log canonical singularity of the pair (V +P ,
1
n
D+P ). By
Remark 2.2 (and the inequality dimS ≥ 4) we may apply Proposition 2.2 to the
latter pair and obtain the alternative: either
1) S is a hyperplane section of the quadric EP , or
2) there is a hyperplane section Z+ ⊃ S of the quadric EP , satisfying the in-
equality
multZ∗ D
+
P >
2n− l∗
3
, (14)
where D+P ∼ nHP − l
∗EP . Recall that the integer l
∗ satisfies the inequality
l∗ >
2
3
(l + n) >
4
3
n.
3.3. The repeated hyperplane section. Let R ⊂ P = PM be the unique
hyperplane, cutting out on EP in the case 1) the subvariety S, in the case 2) the
subvariety Z∗.
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Assume that the case 1) takes place. By linearity of the inequalities
multoDP >
8
3
n and multSD
+
P > n (15)
in the divisor DP and by the fact that the divisor VR = VP ∩ R does not satisfy
them, we may assume that the divisor DP (which is, possibly, reducible) does not
contain VR as a component (otherwise, we delete this component, which could only
make both inequalities (15) sharper). For this reason, the intersection DP ∩VR is of
codimension two on VP and the effective algebraic cycle
DR = (DP ◦ VR)
is well defined and satisfies the inequality
multoDR > multoDP + 2multSD
+
P >
14
3
n. (16)
By linearity of the last inequality we may assume that DR = Y is an irreducible
variety, that is, a prime divisor on VR. However, VR is a section of the hypersurface V
by the linear subspace R ⊂ P of codimension two. Let D2 | R = {q2 | VR = 0} be the
first hypertangent divisor of the variety VR. According to the regularity condition
(R2.2), D2 | R is irreducible and does not satisfy the inequality (16), that is,
Y 6= D2 | R
and for that reason Y 6⊂ D2 = {q2 | V = 0}. Let Y4 be an irreducible component of
the effective algebraic cycle (Y ◦D2) with the maximal ratio multo / deg. We have
the inequality
multo
deg
Y4 >
7
M + 1
.
Now we argue as above: construct a sequence of irreducible subvarieties
Y4, Y5, . . . , YM−1,
codimV Yi = i, Yi+1 is an irreducible component of the effective cycle (Yi ◦ Di+2),
where Di+2 ∈ Λi+2 is a generic hypertangent divisor. For YM−1 we get the estimate
multo
deg YM+1
>
7
M + 1
·
M + 1
6
=
7
6
,
which is impossible. The contradiction excludes the case 1).
Finally, consider the hardest case 2). Again we use the linearity of the conditions
that are satisfied by the divisor DP on VP : the inequality
multoDP >
8
3
n
and the existence of a non log canonical singularity of the pair (V +P ,
1
n
D+P ) with
the centre S. As above, set VR = VP ∩ R. Since multo VR = 2 <
8
3
and the pair
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(V +P , VR) is log canonical, we may assume that the divisor DP does not contain
the hyperplane section VR as a component. For this reason, the effective cycle of
codimension two (with respect to VP ) DR = (DP ◦ VR) is well defined. This cycle
satisfies the inequality
multoDR ≥ multoDP +multZ∗ D
+
P >
28
9
n. (17)
As in the case 1), the inequality (17) is sufficient to conclude (by the regularity
condition (R2.2)), that the component Y = Y3 of the cycle DR with the maximal
ratio multo / deg is not contained in the divisor D2 = {q2 | V = 0}, so that the
effective cycle
(Y3 ◦D2)
is well defined. There is an irreducible component Y4 of this cycle, satisfying the
inequality
multo
deg
Y4 >
14
3(M + 1)
. (18)
By the regularity conditions (R2.2) this procedure can be repeated three times more.
Let us consider in more details the first step. The subvariety
W2·3 = {q2 = 0} ∩ {q3 = 0} ∩ VR
is irreducible, of degree degW2·3 = 6(M + 1) and multiplicity
multoW2·3 = 24,
so that W2·3 6= Y4. Since by construction
Y4 ⊂ {q2 = 0} ∩ VR,
this implies that Y4 6⊂ {q3 = 0}, so that
Y4 6⊂ D3 = {(q2 + q3) | V = 0}
and the effective cycle (Y4 ◦D3) of codimension 5 is well defined. Some irreducible
component Y5 of this cycle satisfies the inequality
multo
deg
Y5 >
56
9(M + 1)
.
In the same way, consider the irreducible subvariety
W2·3·4 =W2·3 ∩ {q4 = 0}
and construct an irreducible subvariety Y6 ⊂ V of codimension 6, satisfying the
inequality
multo
deg
Y6 >
70
9(M + 1)
.
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Finally, consider the subvariety
W2·3·4·5 =W2·3·4 ∩ {q5 = 0}
and construct an irreducible subvariety Y7 ⊂ V of codimension 7, satisfying the
inequality
multo
deg
Y7 >
28
3(M + 1)
.
If M = 8, we get a contradiction. If M ≥ 9, we apply the technique of hypertangent
divisors in the traditional version (as in the proof of Proposition 3.1), intersecting
Y7 with the generic hypertangent divisors D9, . . .. For the irreducible curve YM−1
we obtain the estimate
multo
deg
YM−1 >
28
3(M + 1)
·
M + 1
9
=
28
27
.
This contradiction completes the case 2) which is now excluded. Q.E.D. for Theorem
5.
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